We consider the problem of risk diversification of α-stable heavy tailed risks. We study the behaviour of the aggregated Value-at-Risk, with particular reference to the impact of different tail dependence structures on the limits to diversification. We confirm the large evidence of sub-additivity violations, particularly for risks with low tail index values and positive dependence. So, reinsurance strategies are not allowed to exploit diversification gains, or only a very limited amount of them. Concerning the impact of tail dependence, we find the peculiar results that for high tail dependence levels the limits to diversification are uniformly lower for all the levels of dependence, and for all levels of α < 2. The result is confirmed as we move towards extreme points in the tail: in this case, we show that at some point in the tail the aggregated VaR becomes additive above some level of dependence, but this critical dependence level is lower for copulas with lower tail dependence.
Introduction
Starting with the seminal paper by Artzner et al. (1999) , a long debate has developed concerning risk measures and diversification, with particular focus on the fact that Value-at-Risk (VaR) may fail to represent the diversification of risks. Following this long debate, the trend of regulation has drifted in favour of alternative risk measures ensuring sub-additivity. So, in market risk regulation a measure resembling Expected Shortfall (ES) is bound to replace VaR in the new FRTB (Fundamental Review of the Trading Book ). The trend has been much less clear-cut in the insurance 1 regulation, where the new Solvency II framework still relies on the VaR measure, while the corresponding regulation holding in Switzerland uses ES.
If one considers the nature of the ES measure and the tail behaviour of some actuarial risks, it is quite straightforward to explain the different trend in insurance. In fact, since ES is the expected loss in the tail, this measure can only exist if the first moment of the loss distribution is well defined in the first place. Unfortunately, existence of first moment is very often challenged in the world of actuarial risks. This is particularly true for catastrophic risks, for which the fat tail phenomenon is so extreme to destroy the integrability requirement for existence of the first moment. For these kinds of risk, a plausible shape that has been suggested for the distribution of losses is the α-stable family. In particular, Ibragimov et al. (2008) [IJW] show that seismic risks and other risk events typical of the catastrophe insurance market can be described by α-stable distributions, some with α parameter lower than 1, so that the first moment is not defined.
The same result is documented by Chavez-Demoulin et al. (2006) for a number of operational risks.
Concerning diversification, the IJW paper also shows that diversification dramatically fails, even in the case of independent risks, that is where diversification should be highest. Beyond the discussion on the property of the risk measures, this finding points to a real relevant problem of the catastrophe insurance market, that is the fact that putting catastrophic risks together dramatically increases the ruin probability of the reinsurance policy of such risks, even if such risks are independent. This adds an important issue in the debate about the possibility of a private reinsurance market for catastrophic risks versus insurance schemes based on public funds. This also raises the question of how the results extend to the case in which catastrophic risks are dependent. This extension was first provided by Ibragimov and Prokhorov (2016) using the technique of copula functions.
The contribution of this paper to this stream of research in twofold. First, we want to explore the shape of the relationship between a dependence measure of the risks and a sub-additivity measure of the VaR. Of course, since it is well known that perfectly dependent risks are additive, the IJW result implies that this relationship must be non monotone for heavy tailed α-stable risks. Second, we want to explore whether this diversification failure is made more severe by the tail-dependence feature of the risks.
The plan of the paper is as follows. In section 2 we define the convolution α-stable risks under general dependence structures represented by copulas. In section 3 we present our simulation analysis addressing the two issues described above. Section 4 concludes.
Preliminaries: Convolution of α-stable Risks
In this section, we describe the model that will be used in our simulations. First, we assume a pair of α-stable distributed risks. Second, we assume a general dependence structure represented by a copula function with different degrees of tail-dependence. Third, we define the convolution of the two risks. For the ease of the reader, we review here the main 2 concepts needed to follow our simulation exercise.
Stable Distributions
Stable distributions is a wide class of probability distributions often used to represent heavy tailed models, and heavy tails may be so extreme that even first and second moments may fail to be well-defined. In insurance applications, this class of distributions is sometimes applied to catastrophic risks. Such type of risks includes earthquakes, floods, wind damage, etc... In these cases stable distributions are used to create loss distribution functions to model rare events with huge losses. Here we recall definitions and basic useful properties of univariate stable distributions, referring the reader to Samorodnitsky and Taqqu (1997) and Nolan (2012) for a detailed treatment.
Definition 2.1 (Stable). A random variable X is stable if for X 1 , X 2 , .., X n independent copies of X and S = n i=1 X i , exist a, b ∈ R by which holds S = aX + b. The random variable is strictly stable if holds with b = 0.
The stable family is denoted by S(α, β, γ, δ). It is uniquely defined by the four parameters α, β, γ, and δ that determine the density function. These parameters can be interpreted as follows:
(α) is the basic stability parameter, determining the weight in the tails: the lower the α value, the greater the frequency and size of extreme events. Its range is (0 < α ≤ 2) (β) It is the skewness distribution parameter and (−1 ≤ β ≤ 1), with a zero value indicating that the distribution is symmetric. A negative / positive β implies that the distribution is skewed to the left or right respectively (γ) The parameter γ is positive and represents a measure of dispersion.
(δ) The parameter δ determines the location of the distribution.
Closed forms for α-stable distributions generally do not exist, except for specific cases of the parameters pair(α, β).
The most direct way to describe all possible stable distributions is through the characteristic function. 
Preposition 2.3. The Family of stable distribution S(α, β, γ, δ) is described by the following properties
, where
It follows that the stable family does not admit finite second moment for α < 2 and so variance does not exist, and if α ≤ 1 the first moment does not exist either.
Copula functions and Dependence
We recall the basic theory and useful results about copula functions and the non parametric dependence structure of random variables. A complete reference on copula functions is Nelsen (2007) , while Frees and Valdez (1998) describes copula simulation methods. A reference on copula methods applied in finance is Cherubini et al. (2004) .
I ∈ (0, 1), with the following properties
, ..., s n,in ) ≥ 0 where s j,1 = u j and s j,2 = v j Copula functions allow to separate the marginal behaviour of individual random variables from their dependence structure. Due to the integral probability transform, copula functions single out the dependence structure by reducing the representation of dependence to a function taking uniform random variables as arguments.
Theorem 2.5 (Sklar). Let F i ∀i = 1...n. be a set of continuous univariate distribution functions of the random variables
where C is a copula function.
It is well known that copula functions are naturally linked to non parametric association measures such as Spearman's ρ and Kendall's τ .
Preposition 2.6. Suppose (X,Y) have continuous marginal distributions and unique copula C. Then the Kendall's τ are given by
and rank correlation measure Spearman's ρ is defined as
Copula functions are also useful to represent the dependence structure of extreme events, that is measured by the so called tail dependence coefficients. These are linked to the concept of conditional distribution, and how this can be written in terms of copula functions. Formally, we have the following:
Definition 2.7. Let X,Y be two r.v's with corresponding continuous d.f.'s F, G. We define the upper tail dependence parameter λ U as the limit,
Accordingly, the lower tail dependence coefficient λ L is defined as
Next theorem shows how tail dependence can be expressed in terms of copulas.
Theorem 2.8. Given X, Y, F, G, λ U , λ L defined as above in (2.7), let C be the bivariate copula of X,Y. If the limits (4) and (5) exist, then tail dependence coefficients can be expressed as follows
Here below we show some tail dependence formulas for the most commonly used copulas: elliptical (gaussian and Studentt) and Archimedean (Clayton, Frank and Gumbel). We note that Student-t, Gumbel and Clayton copula show tail dependence.
Example 2.9 (Copulas and corresponding tail dependencies).
• Gaussian copula
Convolution of dependent variables
We now formally introduce the representation of the VaR aggregation problem for dependent variables. Under the assumption of independence, the problem of computing the VaR of a sum of risks would merely leads to the standard concept of convolution of random variables. Then, the natural extension of this concept to the case of dependent variables is the definition of C-convolution proposed by Cherubini et al. (2011) . The term C in the definition reminds of the copula function representing a general relationship of a pair of variables X and Y . The finding was obtained as a by-product of a more general result for the characterization of the dependence structure between the variables X and X + Y from the dependence between X and Y . We report here the main proposition.
Preposition 2.10. Let X,Y be two real-valued random variables on the same probability space (Ω, F , P) with corresponding copula C X,Y and continuous marginals F X , F Y . Then,
where C i,j (u, v) denotes the copula functions between the variables reported in the underscore, D 1 C(u, v) represents the derivative with respect to u, F i denotes the distribution function of the variable reported in the underscore(X, Y and
Notice that in this result we have implicity defined te concept of C-convolution Definition 2.11. Lef F , H be two continuous c.d.f's and C a copula function. The C-convolution of H and F is defined as the c.d.f.
This result provides a formal definition and an alternative computation approach to the convolution of dependent variables, with respect to the standard Monte Carlo. In some cases, moreover, an important property of the C-convolution operator can be used to make the computation easier. In fact, it can be easily proved that the C-convolution operator is closed with respect to mixture of copula functions. In other words, it can be shown that if for some bivariate copula functions A and B we have
In this section, we consider the problem of risk diversification in a VaR framework with heavy-tailed α-stable risks and arbitrary dependence captured by a copula function. As motivated in the introduction, VaR may be the only available measure of risk in α-stable cases when not even the first moment is defined, that is when α ≤ 1. We also remind that we are interested in exploring two issues:
• the shape of the non-monotonic relationship between dependence and the degree of super-additivity
• the role played by tail-dependence in the degree of super-additivity.
We consider two identically distributed α-stable r.v.s' X, Y and their portfolio S = (X + Y ) with dependence structure represented by copulas with different tail-dependence. We use the Kendall-τ concordance measure to span a wide range of dependence levels. For each level, we compute a super-additivity index, as in Ibragimov and Prokhorov (2016) 
Super-additivity is detected if SR ≥ 1, so that V aR q (X + Y ), the risk corresponding to the portfolio, is greater than the sum of separated risks V aR q (X) + V aR q (Y ). When instead SR < 1, diversification is at work and the aggregation of risks reduces the probability of losing the capital allocated to support them.
Simulation and general results
The analysis was performed using the two methods available, that is by numerical integration of the C − convolution formula and by standard Monte Carlo. Unfortunately, in some cases it was particularly difficult to apply numerical integration, so that for completeness of the report, here we only show the results used with Monte Carlo. So, we generated a portfolio of two assets X, Y drawn from heavy-tailed marginal distribution with several tail indexes α ranging between 0 < α ≤ 2 and linked by a bivariate copula determining their dependence structure. Each simulation is based on 1, 000, 000 draws.
The tables 1 to 5 report the results for the main copula functions typically used, that is the elliptical (gaussian and Student-t) and the Archimedean ones (Clayton, Gumbel and Frank). As it is well known, only the Gaussian and Frank copulas do not have tail dependence, the Gumbel has only upper tail dependence, the Clayton has only lower tail dependence ans Student-t has both upper and lower tail dependence.
All these results for the different copulas seem to design a consistent picture. Some diversification benefits typically appear in the upper and right parts of the tables. Subadditivity holds in cases in which dependence is negative and the value of the tail index α is higher than 1 (this is also true for the Gumbel case in which negative dependence is not allowed). So, the failure of diversification is a general result for cases in which the first moment does not exist. The results are instead mixed in the region in which the first moment is defined, where diversification may still fail for higher level of dependence. Moreover, even in the positive dependence region in which diversification benefits materialize, their amount is of a limited order. 
Diversification failure and tail dependence
In this section we explore the impact of tail dependence and limits to diversification. The intuitive idea seems to be that higher tail dependence should worsen the scope for diversification. Surprisingly, our results point out exactly the opposite. In Figure 1 we report the graph of the relationship between the dependence and the super-additivity indexes for two different levels of α, both in the region in which the first moment does not exist. The relationship is drawn for several copulas of the elliptical class with different tail-dependence indexes, that is the gaussian copula, for which the tail dependence is zero, and Student-t, for which the tail dependence increases for lower degrees of freedom. The highest tail dependence is then represented by the Student-t copula with 1 degree of freedom. We notice that for the case α = 0.2 the relationship is non monotone for all copulas, and the maximum of super-additivity is reached around the independence case. The interesting finding, that is new to the best of our knowledge, is that super-additivity is uniformly lower for copulas with higher tail dependence. The evidence is confirmed in the case α = 0.8, in which for the copula with highest tail dependence VaR is even sub-additive across the whole range of dependence.
So, there seems to be a puzzle in the result that higher tail dependence appears to ease the limits to diversification, rather than making them more binding. A very high degree of tail dependence may even destroy the non-monotonic nature of relationship between dependence and super-additivity, and so create a space for diversification.
The first conjecture that comes to mind to explain this result is that there could be a point in the tail where the expected ranking is established. The conjecture is suggested by what happens for gaussian risks, as documented in Figure 2 . In this case, the relationship between dependence and diversification shows that same ranking as that in the previous cases if we consider the 10% percentile, while the order is completely reversed at the 1% percentile.
Kendall's Dependence 
relationship is monotone. In other words, at some point in the tail a high degree of tail dependence creates diversification benefits. Even though the figure shows that the Monte Carlo error blurs the schedule of the relationship, the general path emerges quite clear. Deep in the tails, all the relationships become weakly monotonic, with an upper ceiling given by the comonotonic bound, SR = 1, beyond a critical dependence level. Moreover, this additivity ceiling is reached for lower levels of dependence, the lower the tail dependence value of the copula function.
Conclusions
Heavy tailed α-stable risks have been largely used in the representation of actuarial risks, particularly in the field of catastrophe insurance, and operational risk, which is the kind of financial risk which is closest to the kinds of risk that are typical of insurance. In this paper, we provide simulations to study the aggregate behavior of losses for α-stable risks,
with particular reference to a super-additivity index.
We contribute to the literature on this kind of risk in two directions. For what concerns the insurance market, we support evidence concerning the impossibility of re-insurance policies. We document that any reinsurance policy would call for more capital than that needed to shield the losses on individual risks. This effect is particularly evident for risks with low α, that is very heavy tails, and positive dependence. Moreover, the super-additivity curse mainly hits cases in which the α parameter is lower than 1 and the mean is not defined. This implies that in this case coherent risk measures like the Expected Shortfall are not available and the Value-at-Risk is the obliged choice.
As for the analysis of diversification in the tail of the distribution, our simulations provide evidence that in our view represents a new puzzle. If we rank the dependence structures according to their tail dependence indexes, we find that dependence structures with higher tail dependence provide more space for diversification. In particular we find that: i) the super-additivity ratio for every level of dependence is lower for dependence structures with higher tail dependence;
ii) for extreme points in the tail the aggregate VaR of risks becomes additive beyond a critical dependence level, and this critical level is lower for copula functions with lower tail dependence.
Concerning the latter point, our simulation approach opens a new research path that applies simulation analysis to explore the very extreme tail behaviour of aggregated risks, parallel to a stream of literature that instead has studied the asymptotic tail behaviour of aggregated VaR from an analytical point of view (see for example Embrechts et al. (2009) ).
A more extensive empirical investigation of the actual convergence of the aggregated VaR to this limit is left as a topic for future research.
For what instead concerns the policy implications of our findings, the open question to be addressed is whether there is any alternative to the reinsurance choice that could allow to transfer heavy tailed α-stable risks and to create room for diversification. The natural alternative is of course securitization, mixing small percentages of α-stable risks in very well diversified financial portfolios. This alternative would also deserve to be analyzed in depth with convolution analysis and simulations, and if it were to fail, that would leave the general public, and so the taxpayer, as the only possible reinsurance counter party for this kind of risk.
